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Polarization Interferometry of X-Ray Diffraction
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A new type of X-ray diffraction interferometry is described, in which o- and n-pola-
rized X-rays diffracted by a sample crystal interfere with each other. A reversal of
image contrast in ‘polarization interference topograph’ due to contrary sign of a
spherical strain field in a crystal is demonstrated in terms of numerical simulations by
Takagi-Taupin’s dynamical theory. Further, a feasibility of ‘polarization holo-
graphy’ of X-ray diffraction is pointed out.

Introduction

§l.

Polarization phenomena in X-ray dynami-
cal diffraction have provided several interest-
ing problems for scientists in this field. Polari-
zation effects on Pendellosung fringes in X-ray
diffraction topography were investigated by
Hattori et al.” for the case of an unpolarized
incident wave, and by Hart and Lang? for the
cases of unpolarized and g-polarized incident
waves. Skalicky and Malgrange® investigated
the case in which Pendellosung oscillations in
a diffracting crystal were given rise to by line-
arly polarized incident X-rays having both the
o- and m-components, and pointed out that a
diffracting crystal could serve as a polarizer
and as a phase plate. Recently, investigations
of X-ray optics using crystal polarizers and
crystal phase plates were performed by Hart,?
Annaka et al.,>® Golovchenko ef al.,” Mills,?
Ishikawa et al.'® and Hirano et al.,'"'? which
were mainly devoted to preparing circularly or
elliptically polarized X-rays for magnetic scat-
tering experiments. In the present paper,
however, the author makes a proposal in
which a crystal polarizer serves as ‘a polariza-
tion interferometer’ in X-ray topographic ob-
servations or goniometric measurements.

In observation or measurement techniques,
interferometries are effective ways of giving
phase informations of probing waves, which
have frequently made significant progresses in
physical observation and measurement tech-
niques. In the hard X-ray frequency region of
electromagnetic waves, Bonse and Hart*!?
originally realized an interferometer of Mach-
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Zehnder type. The present paper proposes
another feasibility of X-ray interferometry by
means of interference of polarization. In the
last part of the present paper, a feasibility of
‘X-ray diffraction holography’ is pointed out,
which is however fundamentally different
from so-called ‘X-ray holography’'® using
soft X-rays.

§2. Methodology

2.1 The principle of interference of polariza-
tion

Figure 1 shows the optical system of visible
light in which the x- and y-polarized lights in-
terfere with each other. A double refractive ob-
ject is located between a polarizer and an
analyzer. The directions of x and y are parallel
and perpendicular, respectively, to the optic
axis of the object. The orientations of the
polarizer and the analyzer are adjusted so as
to allow the light polarized in the direction of
e.—e, only to pass through, e, and e, being the
unit vectors in the directions of x and y respec-
tively. The difference of refractive indices of
the object for the x- and y-polarizations gives
rise to difference in phase between the x- and
y-polarized lights incident on the analyzer.

Figure 2 shows that the intensity of the light
passing through the analyzer varies according
to the difference in phase between the x- and
y-polarized lights. In Fig. 2, D, and D, are cor-
responding to the oscillations of the x- and y-
polarized lights respectively, and D, is corre-
sponding to the oscillation of the light passing
through the analyzer. In Fig. 2(a), where there
is no difference in phase between D, and D,,
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Fig. 1. A schematic diagram showing the interference
of polarization. A double refractive object is located
between the polarizer and the analyzer. The arrows
drawn on surfaces of the object indicate the optic
axis. The direction of x is parallel to the optic axis
and y perpendicular to the optic axis. The difference
of refractive indices gives rise to the difference of
effective length of paths through which the x- and y-
polarized lights pass. The intensity of the light pass-
ing through the analyzer changes due to the difference
in phase between the x- and y-polarized lights as
shown in Fig. 2.

the oscillation which D, and D, compose is
linearly polarized in the direction of e.—e,,
and the amplitude of D, is v2 with the ampli-
tudes of D, and D, being unities. In Fig. 2(b),
where the difference in phase between D, and
D, is nt/2, the oscillation which D, and D, com-
pose is circularly polarized, and the amplitude
of D, is unity. In Fig. 2(c), where the differ-
ence in phase between D, and D, is 7, the oscil-
lation which D, and D, compose is linearly
polarized in the direction of e, +e,, and the am-
plitude of D, is zero. Then, one can see that
the analyzer makes the x- and y-polarized
lights interfere with each other. In Fig. 1, if
the beam incident on the object is a plane
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Fig. 2. Lissajous figures drawn by the x- and y-oscilla-
tions with the identical amplitude and different
phases, are shown. D, and D, are the oscillations in
the directions of x and y respectively. D, is the oscilla-
tion projected on the line of e,—e,, e, and e, being the
unit vectors in the directions of x and y respectively.
D, and D, are corresponding to the oscillations of the
x- and y-polarized lights in Fig. 1, and D, is corre-
sponding to the oscillation of the light passing
through the analyzer in Fig. 1. The amplitude of D,
changes owing to the difference in phase between D,
and D,.

wave, irregularities of thickness or refractive
indices of the object will be recorded on the
photo plate as dark and bright contrasts.

In X-ray diffraction experiments, one can
use a reflector crystal with the Bragg-reflection
angle being 45 degree in place of the analyzer
in Fig. 1. In the condition of the Bragg-reflec-
tion angle being 45 degree, since the direction
of reflection is perpendicular to the direction
of incidence, only the wave polarized perpen-
dicularly to the plane of incidence is Bragg-
reflected and the wave polarized parallelly to
the plane of incidence is almost totally trans-
mitted without being reflected. For the reflec-
tor crystal used as the analyzer, a perfect crys-
tal of silicon is desirable. Then, in order to
realize the condition of Bragg-reflection angle
being 45 degree with fixed spacings of Bragg
planes, the wavelength of the X-rays must be
freely tunable. Therefore, the synchrotron
radiation with continuous spectrum can be
used effectively. Moreover, X-rays to be inci-
dent on a sample crystal with ideally linear or
elliptical polarizations can be prepared rela-
tively easily from the synchrotron radiation
which is usually almost linearly polarlized. Of
course, the sample crystal intended to observe
in this technique of X-ray diffraction is corre-
sponding to the double refractive object in
Fig. 1. The o- and n-polarized X-rays reflected
by the sample crystal are corresponding to the
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x- and y-polarized lights in Fig. 1. The method
of observation may be topography or gonio-
metry. A conceivable arrangement of
topography by which informations of phases
of X-rays can be obtained, will be given in the
following subsection.

2.2 A topographic technique giving phase in-
formations of X-rays

Figure 3 shows an optical arrangement of
section topography in which phase informa-
tions of X-rays can be obtained by means of in-
terference of polarization. In Fig. 3, the paths
of the X-rays from the synchrotron radiation
source to the monochromator, from the
monochromator to the sample crystal, and
from the sample to the analyzer crystal, are all
parallel to the sheet on which the figure is
drawn. The beam path from the analyzer crys-
tal to the nuclear plate is not parallel to the
sheet.

The synchrotron radiation beam monochro-
matized by the monochromator passes
through the pinhole and is incident on the sam-
ple crystal. The beam incident on the sample
crystal must consist of the beam polarized per-
pendicularly to the sheet (o-polarization) and
the beam polarized parallelly to the sheet (n-
polarization) which have a regular ratio of am-
plitude and a regular relation in phase. The
Bragg-reflection angle of the sample crystal
must not be 45 degree. Then the beam reflect-
ed by the sample crystal has both components
of the o- and n-polarizations. In order to
make the beams of the g- and n-polarizations
interfere with each other, the beam from the
sample crystal is reflected by the analyzer crys-
tal with the Bragg angle of 45 degree. The
direction of the beam reflected by the analyzer
crystal is not parallel or perpendicular to the
sheet on which Fig. 3 is drawn. The slit is locat-
ed before the nuclear plate, in order to cut off
the fuzz of the image caused by the Bragg-
reflection of the analyzer crystal. By moving
the sample crystal in the direction perpendicu-
lar to the sheet and the nuclear plate from up
to down simultaneously, a two-dimensional
pattern is recorded on the nuclear plate. In the
topography by this technique, the square of
the absolute value of the sum of the ampli-
tudes of the o- and =-polarizations is ob-
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Fig. 3. A schematic drawing of the optical arrange-
ment for the special topographic technique in which
the waves of the o- and n-polarizations reflected by
the sample crystal interfere with each other being
reflected by the analyzer crystal.

tained, in place of the sum of the intensities of
the o- and rm-polarizations which is obtained
by conventional section topography without
analyzer crystal.
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§3. Topographs of a Spherical Strain Field

3.1 Experimental and simulated images in
the usual topographic technique
Figure 4 shows a section topograph of an
FZ-silicon crystal obtained by using the
synchrotron radiation, together with patterns
numerically simulated based on the Takagi-
Taupin equations.'” The topograph by the
experiment Fig. 4(b) was obtained using ex-
tremely high order reflection 14 14 0. The pat-
tern was significantly disturbed by 4-fold con-
centric circles. The method of the simulation
and the experimental techniques were given in
a previous paper by the present author and
co-authors.?” The technique of the simulation
was almost the same as the method given in
Epelboin’s reviews.?>?® Numerically simulated
patterns are in good agreement with the pat-
tern obtained by the experiment. The strain
field assumed in the simulation was spherically
symmetrical and given by
C A
u :7 F, )
where u is the lattice displacement vector, c is
the magnitude of the strain field, r is the dis-
tance from the strain source, and # is the unit
vector of the direction of r. Figure 5 shows the
location of the strain source assumed in the
simulations for Figs. 4(a) and 4(c). There was
not significant difference between Figs. 4(a)
and 4(c), for which the proportional constant

(a 1414 0

Simulation
c=+44 x 10716 m3

14140
( ) Experiment

—>A  2mm
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cin eq. (1) was plus and minus 4 X 10~ m® re-
spectively. So, the present author could not de-
termine the sign of the strain field although the
magnitude of the strain field was estimated.

3.2 Numerically simulated topographs by in-
terference of polarization
The Takagi-Taupin equations'’® of Kato’s
type®® are given by

aD,

as =—inKCy-nexp (—2nih-u)Dy, (2a)

aD

#:—inKCXuexp(+2nih-u)Do- (2b)
h

Here, D, and D, are the amplitudes of re-
fracted and reflected waves, s, and s, are the
oblique coordinates in the directions of refrac-
tion and reflection, K is the wave number of
the incident wave, C is the polarization factor,
h is the reflection vector, x+, and x—, are the
plus and minus A-th Fourier coefficients of the
electric polarizability and u is the lattice dis-
placement vector.

If the absorption of X-rays in the crystal is
not taken into account, one can consider x+x
and y—» to be the identical real value. When
the solutions of eqgs. (2a) and (2b) for a lattice
displacement field +u are denoted by D"
and D" and the solutions for displacement
—uare D$ and D}, the relations of those so-
lutions could be given apparently as follows:

(C) 1.4 14 O.
Simulation
c=—4x10"1 m3

Fig. 4. The comparison between the experimental and the numerically simulated section topographs. The ?xperi-
ment was carried out by using the synchrotron radiation monochromatized into the wavelength 0.4 A. The
reflection index was silicon 14 14 0. The value of c¢ indicates the magnitude of the strain field in eq. (1).
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Fig. 5. The location of the strain center which was de-
termined by the comparison between the experiment
and the simulation. The big triangle is the Borrmann
fan for silicon 14 14 0 reflection with the wavelength
being 0.4 A.

D;=Dg"*, Ga)
D;”=-D;"*. (3b)

So the absolute values of the solutions for egs.
(2a) and (2b) do not change for the reversal of
the sign of the strain field. Figures 4(a) and
4(c) are slightly different because the absorp-
tion of the X-rays was taken into account in
the simulation.

Further, in order to consider the solutions
for two independent polarizations of the X-
rays, the solutions of egs. (2a) and (2b) for the
o- and n-polarizations will be denoted by the
notations S and P respectively in place of D.
We obtain the following formulae similar to
egs. (3a) and (3b).

SOI=850, (4a)

Sgl*): _SY)*’ (4b)
and

P =pP*, (52)

P =—p{*, (5b)

Here, the meanings of superscripts and sub-
scripts are the same as in eqgs. (3a) and (3b). If
S, and Py, being reflected by the analyzer crys-
tal in Fig. 3, interfere with each other in the ra-
tio 1:x with x being real, the amplitude of the
wave reflected by the analyzer crystal, which
will be denoted by the notation A, is given by

AD=8"+xP,", ©)
AD=87+xP)=—8*—xP*
=—A"%, ™
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where the meanings of superscripts and sub-
scripts are the same as in eqs. (3a) and (3b).
Then the absolute values of 45" and A are
the same. The above consideration is based on
the assumption that the boundary conditions
for both S, and P, are given by real values on
the incident surface of the sample crystal, that
is to say, the beam incident on the sample crys-
tal is linearly polarized. For considering the
case in which the beam incident on the sample
crystal is circularly polarized, one can give the
boundary condition for S, being real and that
for P, being purely imaginary, and then esti-
mate the interfered amplitude of the beam
reflected by the analyzer crystal as S,+xPy
with x being real. The above dealing is the
same as that the boundary conditions for both
S, and P, are real and the amplitude of the in-
terfered wave is estimated as S,=*ixPs, be-
cause the Takagi-Taupin equations (2a) and
(2b) are apparently satisfied even if the solu-
tions D, and D,, are multiplied by an arbitrary
complex value. So, when the beam incident on
the sample crystal is circularly polarized, the
amplitude of the beam reflected by the ana-
lyzer crystal, which will be denoted by the
notation B, is given by

B"=8."+ixP}", ®)
B =8 +ixP)=—S"*FixP"*, (9)
with x being real, then in general

BV =B, (10)

where the meanings of superscripts and sub-
scripts are the same as in egs. (3a) and (3b) and
the notations are the same as in egs. (6) and (7).
Equation (10) shows the possibility that one
can determine the sign of strain field in the
sample crystal by the arrangement of Fig. 3 if
the beam incident on the sample is circularly
polarized.

Figure 6 shows numerically simulated inter-
ference patterns, for which it was assumed
that the beam incident on the sample was circu-
larly polarized and the beams of the o- and 7-
polarizations reflected by the sample inter-
fered with each other in the ratio of 1:14. The
value 14 was nearly equal to 1/ cos 26z, 6z
being the Bragg angle of the experimental con-
dition for Fig. 4(b). Here a spherical strain
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Fig. 6. Numerically simulated section topographs of the spherical strain field. These patterns were obtained on
the assumption that the wave incident on the sample crystal was circularly polarized and the waves of the o-
and 7m-polarizations reflected by the sample crystal interfered with each other.

field was assumed in the same way as for Figs.
4(a) and 4(c). One can see the reversal of the
contrasts owing to the change of sign of the
strain field and the opposite rotation of the cir-
cular polarization of the beam incident on the
sample crystal.

§4. A Feasibility of X-Ray Diffraction
Holography

If in Fig. 1 the wavefront of the light of the
x-polarization only is deformed by irregulari-
ties of the object and the light of the y-polari-
zation is not modulated by the object, the
firsthand information of the phase of the x-
polarized light will be recorded on the photo
plate. This is nothing but the hologram which
was made by the interference of the x-pola-
rized light and the y-polarized light which are
corresponding to the object wave and the refer-

ence wave respectively.

The condition mentioned above can be real-
ized in X-ray diffraction. When regularly pola-
rized plane wave X-rays incident on the sam-
ple crystal satisfy the diffraction condition
with the Bragg-reflection angle being 45
degree, the transmitted wave of the g-polariza-
tion is modulated by the crystal imperfections
but the transmitted wave of the m-polarization
passes through the sample crystal without
being Bragg-reflected. When the transmitted
waves of the o- and m-polarizations interfere
with each other in the way described in previ-
ous sections, an X-ray diffraction holography
is realized where the g-polarized wave is corre-
sponding to the object wave and the m-pola-
rized wave is the reference wave. Generally in
holography, the wave emitted from the source
must be highly coherent because the wave is
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split into two waves propagating in the differ-
ent paths, that is, the reference wave and the
object wave. In the X-ray diffraction
holography described above, however, the co-
herence length of the plane wave X-rays in the
direction of transmission have to be not so
long because the reference wave and the object
wave pass through the identical path in the
sample crystal.

§5. Summary

In this paper, the present author proposed a
method of X-ray diffraction in which informa-
tions of phases of X-rays could be obtained. It
was shown by numerical simulations based on
the Takagi-Taupin equations that the sign of a
spherical strain field could be determined by a
special technique of topography, in which a
beam incident on the sample was circularly
polarized and Bragg-reflected o- and n-pola-
rized X-rays interfered with each other being
reflected by the analyzer crystal. Moreover, a
feasibility of X-ray diffraction holography by
the same principle was pointed out.
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